摩擦項を持つ波動方程式の二次元逆散乱問題(スペクトル・散乱理論とその周辺) by 渡辺, 道之
Title摩擦項を持つ波動方程式の二次元逆散乱問題(スペクトル・散乱理論とその周辺)
Author(s)渡辺, 道之








Michiyuki Watanabe (COE Researcher)
Hokkaido University
1
$w_{tt}-\Delta w+b(x)w_{t}=0$ , $(x,t)\in \mathrm{R}^{n}\cross \mathrm{R}$ (1.1)
, $b(x)w_{t}$ $b\geq 0$ . , $b(x)$
.
$\{$
$b(x)\geq 0$ (or $b(x)\leq 0$),









. - , 2 ([17], [18])
(1.1) . , 2
. , 2
, b(x) .
. (1.1) . $w(x, t)=e^{i\sqrt{E}t}u(x)$
, u(x)
Schr\"odinger .
$-\Delta u(x)+i\sqrt{E}b(x)u(x)=Eu(x)$ , $x\in \mathrm{R}^{2}$ . (1.3)
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,
, .
$u(x)=e^{i\sqrt{E}} \omega\cdot x+\frac{e^{i^{\sqrt{E}\gamma}}}{r^{1/2}}A(E, \theta,\omega)+o(r^{-1/2})$ , $r=|x|arrow\infty$ .
(1.4)
1 \mbox{\boldmath $\omega$} , 2 \theta
. A(E, \theta ,\mbox{\boldmath $\omega$}) . ,
$(*)A(E, \theta,\omega)$ $b(x)$ . ($E>0$ )
.
1. 3 2
. 3 , $A(E, \theta, \omega)$
$E$
$\omega,$
$\theta\in S^{1}$ 4 ,
b(x) 3 . - , 2




) $(*)$ – . ,
. , (13), (1.4)
1 . L2,s L2
$u\in L^{2,\iota}\Leftrightarrow||(1+|x|^{\delta})u||_{L^{2}(\mathrm{R}^{n})}<\infty$ , $s\in \mathrm{R}$
.
11. $E>0$ , (1.3), (1.4) $u\in L^{2,-S}$ ,
s>1/2 1 . .
$A(E, \theta,\omega)=\int_{\mathrm{R}^{2}}e^{-i\sqrt{E}\theta\cdot x}i\sqrt{E}b(x)u(x)dx$.
. $P$ , $W^{1,p}(\mathrm{R}^{n})$ $-$
P(Rn) Sobolev . b(x) (1.2) ,
$||b||_{W^{1,p}(\mathrm{R}^{2})}\leq M$ , $p>2$ , $j=1,2$
. $M>0$ .
88
12. $p,$ $M_{f}R$ $N=N(p, M, R)$
. $\theta,$ $\omega\in S^{1}$









, $(E+i \mathrm{O})=\lim_{\epsilonarrow 0}(-\Delta-(E+i\epsilon))_{-\prime}^{-1}$ , $B(L^{2},, {}^{t}L^{2,-s})$ ,
$s>1/2$ . , 2 ,
$R_{0}(E+i0)f(x)$ Hankel .
$(E+i0)f(x)= \int_{\mathrm{R}^{2}}G_{0}(x-y)f(y)dy$, (2.2)
$G_{0}(x)= \frac{i}{4}H_{0}^{(1)}(\sqrt{E}|x|)$ . (2.3)
Hankel ,
$G_{0}(x)\sim\{$
$- \frac{i}{4}\frac{1}{\sqrt[4]{E}}\sqrt{\frac{2}{\pi|x|}}e^{(\sim|-\pi/4)}"‘$ , $|x|arrow\infty$ ,
$\frac{1}{2\pi}1\iota \mathrm{o}\mathrm{g}(\sqrt{E}|x|)$ , $|x|arrow 0$
(2.4)
. $E>0\text{ }||\sqrt{E}R(E+$




$u(x)$ (13) , (2.1) )
$R(E+i\mathrm{O})=R_{0}(E+i0)-i\sqrt{E}R_{0}(E+i0)bR(E+i0)$ (2.5)




, Dirichlet-Neumann (D-N) –
. D-N . , $\Omega=B.-,$ $\Omega^{e}=$
$\mathrm{R}^{2}\backslash \overline{B}_{R},$ $\alpha=(p-2)/p$ . Dirichlet
$\{$
$-\Delta u(x)+i\sqrt{E}b(x)u(x)=Eu(x)$ in $\Omega$ ,
$u(x)=f(x)$ on $\partial\Omega$
(2.6)
. $q_{E}(x)=i\sqrt{E}b(x)-E$ . $0$ $E>0$
$\Omega$ \Delta +qE Dirichlet
. $-\Delta u+q_{E}$(x)u=0 u- , \Omega Green
$\int_{\Omega}|\nabla u|^{2}dx+i\sqrt{E}\int_{\Omega}b(x)|u(x)|^{2}dx=E\int_{\Omega}|u(x)|^{\mathit{2}}dx$ (2.7)
. $b(x)\geq 0$ , $\mathit{0}$ .
$u\equiv 0$ .
$b\in L^{\mathrm{p}}(\Omega),$ $p>2$ , $f\in C^{1,\alpha}(\Omega)$ . $E>0$
, (26) $u\in C^{1,\alpha}(\overline{\Omega})$ – . $u(x)$
D-N $\Lambda_{b}$ : $C^{1,\alpha}(\partial\Omega)arrow C^{0,\alpha}(\partial\Omega)$
$\Lambda_{b}f=\frac{\partial u}{\partial\nu}|_{\partial\Omega}$
. $\nu$ $\partial\Omega$ .
, D-N –
([5], [11], [13] ).
, $E>0$ , $b(x)$
, Nachmann .
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2.1. $b_{j}\in L^{p}(\mathrm{R}^{2})$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}b_{j}\subset\Omega,$ $j=1,2$ .
$\omega,$
$\theta\in S^{1}$




, . D-N $\Lambda_{b}$ $A(E, \theta, \omega)$
. Single layer operator





. $w$ Dirichlet outgoing solution
.
$\{$
$(\Delta+E)w=0$ in $\Omega^{e}$ ,
$w(x)=f(x)$ on $\partial\Omega$ .
$S_{E}$ $\partial\Omega$ single layer operator .
$S_{E}f(x)= \int_{\partial\Omega}G_{E}(x, y)f(y)dy$ .
GE(x, y) R(E+i0) Green .
(25) $R(E+i\mathrm{O})$ $x=y$ singularity $(E+iO)$
, , R0(E+i0) Hanke1
singularity \Delta , $\frac{1}{2\pi}\log|x-y|$
. $S_{E}$ $C^{0,\alpha}(\partial\Omega)$
CL\alpha (\partial \Omega ) ,
91
( Colton-Kress $[$2, $\mathrm{P}\mathrm{P}$ . 51-106$]$




2.2 $A(E, \theta, \omega)$ $S_{E}$
A(E, \theta , \mbox{\boldmath $\omega$}) SE .
Far field operator FE . FE
. Nachman [11] Far field operator $F_{E}\cdot$ : $C^{1,\alpha}(\partial\Omega)arrow$
$L^{2}(S^{1})$ .
$F_{E}f(\theta)=w_{\infty}(\theta)$ .
w\infty Dirichlet Far field pattern
.
$\{$
$(\Delta+E)w(x)=0$ in $\Omega^{\mathrm{e}}$ ,
$w(x)=f(x)$ on $\partial\Omega$ , (2.8)
$w(x)= \frac{e^{\mathrm{i}\sqrt{E}r}}{r^{1/2}}w_{\infty}(\theta)+o(r^{-1/2})$, $r=|x|arrow\infty,$ $\theta=x/r$ .
$f(x)$ $f(x)=u(x,\omega, E)-e^{1\sqrt{E}}\{v\cdot x$ . $u(x,\omega, E)$ (13), (1.4)
. $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}b(x)\subset\Omega$ $A(E, \theta, \omega)$ (2.8) far field
pattern . $F_{E}$ $A(E, \theta, \omega)$
.
$-A(E,\omega, \theta)=[F_{E}\{u_{l}(x, \omega, E)-e^{i\sqrt{E}\omega\cdot x}\}](\theta)$
$=[F_{E}u(\cdot,\omega, E)](\theta)-A_{\Omega}(E, \theta, \omega)$ . (2.9)
$A_{\Omega}(E, \theta,\omega)$ $f(x)=e^{i\sqrt{E}}\omega\cdot x$ (2.8)
far field pattern , b(x) .
$\phi^{e}(x, \omega, E)$ $\phi^{e}(x, \omega, E)-e^{:\sqrt{E}\omega\cdot x}$ outgoing solution
Dirichlet
$\{$
$(\Delta+E)\phi^{e}(x,\omega, E)=0$ in $\Omega^{e}$ ,
$\phi^{e}(x, \omega, E)=0$ on $\partial\Omega$
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. [5] ( [11]) , $u(x, \omega, E)$
$\partial\Omega$
$u(x, \omega, E)=S_{E}(\frac{\partial\phi^{e}}{\partial\nu}(., \omega, E))(x)$ , on $\partial\Omega$ (2.10)
, .




$( \tilde{F}_{Eg})(x)=\int_{S^{1}}\frac{\partial\phi^{e}}{\partial\nu}(x, \omega, E)g(\omega)d$
.
2.1 22 2.1 .
2.3
$q_{E}(x)=i\sqrt{E}b(x)-E$ . $E$ $q_{E}(x)$ .
$E>0$ (2.6) Kang-
Uhlmann [6] – , .
2.2. $b_{j}(x)\in W^{1,\mathrm{p}}(\Omega),$ $p>2$ , $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}b_{j}(x)\subset\Omega,$ $j=1,2$
.
$||b_{j}||_{W^{1,\mathrm{p}}(\mathrm{R}^{2})}\leq M$ , $j=1,2$












Novikov [20] , $b(x)$
$E>0$ $b(x)$
. . , Faddeev’s solution
.
$z=x+iy$ $(\text{ }x=z_{R}=\Re z,$ $y=z_{I}=\Im z$ ,
$\partial=\frac{\partial}{\partial z}=\frac{1}{2}(\partial_{x}-i\partial_{y})$, $\overline{\partial}=\frac{\partial}{\partial\overline{z}}=\frac{1}{2}(\partial_{x}+i\partial_{y})$
. , R2 Schr\"odinger
( $-4\partial\overline{\partial}$ $V$ ) $u(\lambda, z)=Eu(\lambda, z)$ , $E>0$ , $\lambda\in \mathrm{C}$ (3.1)
. ( [4] ).
$V(z)$ $C_{0}>\mathit{0}$
$|V(z)|\leq C_{0}(1+|z|)^{-2-\epsilon}$ , $\epsilon>0$
, (3.1) – .
$u(\lambda, z)=e^{\frac{1\sqrt{B}}{2}(\lambda z+_{\mathrm{X}}^{1}z)}v(\lambda, z)$ (3.2)
,
$v(\lambda, z)arrow 1$ , as $|z|arrow\infty$ . (3.3)











, S(\mbox{\boldmath $\lambda$}) scattering transform .
$S( \lambda)=\frac{1}{4\pi}\int_{\mathrm{R}^{2}}e^{\ovalbox{\tt\small REJECT}_{2}}\frac{1}{\lambda}\overline{z})V(\overline{\lambda}z+(z)u(\lambda, z)dz_{R}dz_{I}:$. (3.6)
generalized Cauchy-Riemann
$\overline{\partial}u=au+b\overline{u}$
generalized $an$alytic function ( pseudo-analytic
$\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}\rangle$ (3.4) V(z) Fad-








$|b(z)|\leq M(1+|z|)^{-\alpha}$ , $M>\mathit{0}$ (3.7)
. $\alpha>7/2$ . $V(z)=i\sqrt{E}b(z)$ .
$E>0$ (32) (3.3) (3.1) $u(\lambda, z)$ –
. $u(\lambda, z)$ .







z=xl+ix2, k=\xi l+i\xi 2 .

















$v(\lambda, z)=1-G_{0}(\lambda)Vv(\lambda, z)$ , $|\lambda|\neq 1$ (3.10)
.
Green $G(\lambda, z)$ .
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3.1 ([4], [20]). $|\lambda|\neq 1$ , $G(\lambda, z)$ .
$|G( \lambda, z)|\leq\frac{C}{\sqrt[4]{E}\sqrt{|z|(|\lambda|+|1/\lambda|)}}$ , (3.11)
$G(- \frac{1}{\overline{\lambda}},$ $z)=e^{\frac{1\sqrt \mathrm{E}}{2}\{(\overline{\lambda}+1/\lambda)z+(\lambda+1/\overline{\lambda})z\}}G(\lambda, z)$ , (3.12)
$\frac{\partial G}{\partial\overline{\lambda}}(\lambda, z)=-\frac{\mathrm{s}\mathrm{g}\mathrm{n}(\overline{\lambda}\lambda-1)}{4\pi\overline{\lambda}}e^{-\frac{:n}{2}\{(\overline{\lambda}+1/\lambda)z+(\lambda+1/\overline{\lambda})\overline{z}\}}$. (3.13)







$\max_{z\in \mathrm{c}}|V(z)f(z)|\leq\sqrt{E}M\max_{z\in \mathrm{c}}|f(z)|$ ,
$\int_{\mathrm{R}^{2}}|V(z)f(z)|dz_{R}dz_{I}\leq\sqrt{E}\tilde{M}\max_{z\in \mathrm{c}}|f(z)|$








. E Go(\mbox{\boldmath $\lambda$})V l
. I+Go(\mbox{\boldmath $\lambda$})V
.
$v(\cdot, \lambda)-1\in L^{1}(\mathrm{C})$ . $f\in B^{0}(\mathrm{C})$ .
(3.11) ,
$||G_{0}( \lambda)Vf||_{L^{1}(\mathrm{C})}\leq C\max_{z\in \mathrm{c}}|f(z)|\int_{\mathrm{R}^{2}}Kg(x)dx$
.
$Kg(x)=\mathrm{R}_{2}^{K(x,y)g(y)dy}$ ,
$K(x, y)=|x-y|^{-1/2}|y|^{-\mathrm{a}/2}$ , $g(y)=(1+|y|)^{-(\alpha-3/2)}$
. $\alpha>7/2$ $g\in L^{1}(\mathrm{R}^{2})$ . $K$ $L^{1}(\mathrm{R}^{2})$
([19, Lemma 2.1] ), $G_{0}(\lambda)Vf\in L^{1}(\mathrm{C})$
. (3.3) .
(3.8) . (313)
$\frac{\partial v}{\partial\overline{\lambda}}(\lambda, z)=-\frac{\partial G_{0}(\lambda)Vv}{\partial\overline{\lambda}}(\lambda, z)$
$=- \int_{\mathrm{R}^{2}}\frac{\partial G}{\partial\overline{\lambda}}(\lambda, z-z’)V(z’)v(\lambda, z’)dz_{R}dz_{I}$
$-[G_{0}( \lambda)(V\frac{\partial v}{\partial\overline{\lambda}})](\lambda, z)$
$=T( \lambda)\tilde{e}(z, \lambda)-[G_{0}(\lambda)(V\frac{\partial v}{\partial\overline{\lambda}})](\lambda, z)$ (3.14)
. $\tilde{e}(z, \lambda)=e^{-i\Phi_{\{(\overline{\lambda}+1/\lambda)z+(\lambda+1/\overline{\lambda})\overline{z}\}}}2$ .
(312) .
$v=1-[G_{0}(Vv)](- \frac{1}{\overline{\lambda}},$ $z)$
$=1-\tilde{e}(-z, \lambda)[G_{0}(\lambda)(V\tilde{v})](\lambda, z)$ .
$\tilde{v}(\lambda, z)=\tilde{e}(z, \lambda)v(-\frac{1}{\overline{\lambda}},$ $z)$
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. $\tilde{v}$
$\tilde{v}(\lambda, z)=\tilde{e}(z, \lambda)-[G_{0}(\lambda)(V\tilde{v})](\lambda, z)$
. T(\mbox{\boldmath $\lambda$}) z \mbox{\boldmath $\lambda$}
, $T(\lambda)$
$T(\lambda)\tilde{v}(\lambda, z)=T(\lambda)\tilde{e}(z, \lambda)-[G_{0}(\lambda)(VT(\lambda)\tilde{v})](\lambda, z)$
. – . (314)
$\frac{\partial v}{\partial\overline{\lambda}}(\lambda, z)=T(\lambda)\tilde{v}(\lambda, z)$
.
$\tilde{v}(\lambda, z)=u(-\frac{1}{\overline{\lambda}},$ $z)$ , $\frac{\partial u}{\partial\overline{\lambda}}=\frac{\partial v}{\partial\overline{\lambda}}$




$u(\lambda, z)=\grave{e}_{\lambda}(z)-i\sqrt{E}\grave{e}_{\lambda}(z)(G_{0}(\lambda)b\grave{e}_{\lambda}u)(\lambda, z)$ (3.15)
. $\grave{e}_{\lambda}(z)=e^{\frac{1\sqrt \mathrm{B}}{2}(_{T}^{1}z+\lambda\overline{z})}$ . $b(x)$
(3.12)
$\overline{u(-\frac{1}{\overline{\lambda}},z)}=\grave{e}_{\lambda}(z)+i\sqrt{E}\grave{e}_{\lambda}(z)[G_{0}(\lambda)b\grave{e}_{-\lambda}\overline{u(\begin{array}{l}1-\overline{\overline{\lambda}}’\end{array})}](z)$ (3.16)





. $[I+i\sqrt{E}G_{0}(\lambda)b]$ $w(\lambda, z)=0$ .
31 .
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